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(Received 16 November 1984) 
Results of the application of flux-corrected transport techniques to a two-dimensional numerical simula- 
tion of streamer propagation are presented. Characteristics such as diameter, velocity, shape, and density 
gradient of the head, and ionization in the body of the propagating streamer are determined. These results 
provide new insight into streamer propagation. 
Space-charge fields have long been known to play an im- 
portant role in the over-volted breakdown of gases at atmos- 
pheric and higher pressure, due to the formation of domains 
of relatively high ionization density and low electric field.lb4 
These collective phenomena, called streamers, are described 
by the solutions of the coupled transport and field equations 
under conditions for which they are highly nonlinear and 
difficult to solve without approximation. Most analytic ap- 
proaches to solving these equations have assumed the solu- 
tions to be one d imens i~na l .~ -~  Such approximations ignore 
shape effects on the field, and may therefore significantly 
underestimate the peak field enhancement and badly 
overestimate the spatial range of the enhancement. Numer- 
ical approaches to the problem have generally made use of 
the method of characteristics to solve the one-dimensional 
transport equations, although in most reports the field was 
calculated in an approximately correct two-dimensional 
 ay.^-'^ Conventional numerical techniques generally have 
difficulties in dealing with the very large density and field 
gradients which appear at the head of propagating stream- 
ers.13 
We present here the results of numerical calculations of 
streamer propagation making use of two-dimensional flux- 
corrected transport (FCT) techniques, which allow us to 
solve numerically the transport equations under strongly 
space-charge-dominated conditions such as those that occur 
at the head of propagating streamers. To our knowledge, 
our work represents the first systematic application of this 
technique to the problem of strongly space-charge- 
dominated transport in a fully two-dimensional model, and 
our results are the first report of solutions of the transport 
equations under these conditions. FCT algorithms were ori- 
ginally developed to deal with the very steep density gra- 
dients that appear in shock wave solutions of the transport 
equations for f l ~ i d s . ' ~ . ' ~  Morrow and Lowke have applied 
these techniques to one-dimensional studies of space- 
charge-dominated transport in gases.16 Fernsler has report- 
ed the use of a modified sharp and smooth transport algo- 
rithm (SHASTA) FCT algorithmL4 to carry out two- 
dimensional streamer simulations, but the work was not 
pursued." 
For the streamer initiation we use as an initial condition a 
small, localized, neutral plasma of density substantially 
greater than the critica1 density for streamer formation, 
thereby by-passing the avalanche stage needed for single or 
few electron initiation conditions. Under the conditions we 
have investigated, we find the following: (1) quasi-steady- 
state, streamerlike solutions propagating with typical veloci- 
ties of 1-3x 10' cm/sec exist; (2) in the quasi steady state, 
the properties of the streamer are independent of the densi- 
ty but not of the shape of the initiating plasma; (3) the ioni- 
zation density in the body of a propagating streamer is a 
weak function of environmental parameters, approaching a 
steady-state value of 10'4-1015 cmw3, independent of the in- 
itiating density; (4) the dielectric relaxation time of the plas- 
ma at the streamer tip plays an important role in determin- 
ing propagation velocity and ionization density in the strea- 
mer body; (5) the propagation velocity of both anode- and 
cathode-directed streamers is a function of several factors, 
including the electron density in front of the streamer and 
the shape of the streamer head. In the calculations we re- 
port here we find that the velocity and the electron density 
ahead of the streamer are related approximately logarithmi- 
cally. 
In the equilibrium hydrodynamic transport model, the 
electron and ion densities obey 
a n, 
- + V (n,ve) = aven, + other terms, a t 
~ + ~ . ( n ~ v , ) = o v ~ q + o t h e r  terms , a t (lb) 
where n, and np are the electron and positive ion densities, 
respectively, ve  and vp are the corresponding drift velocities, 
a is the Townsend ionization coefficient, and the other 
terms may describe effects of diffusion or any of several 
particle source or sink mechanisms such as photoionization, 
attachment, or recombination. The drift velocities and o 
are functions of the local field which is given by 
V E = PIE,,, where p = q, ( n, - n,) is the net charge density, 
q, being the (unsigned) electronic charge. 
In our calculations a modified Euler finite difference ap- 
proximation was used to carry out the time integration of 
Eqs, ( l) ,  and the low- and high-order fluxes were calculated 
according to donor cell and eighth-order difference schemes, 
respectively. The electric field was calculated with a novel 
algorithm based on Fourier transforming in the axial direc- 
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tion and using a cubic spline for integration in the radial 
direction.18 She calculations were carried out using parame- 
ter values appropriate for nitrogen at 760 Torr, placed in a 
gap of 0.5 cm electrode separation. To conform to a set of 
experiments on laser-triggered breakdown, a load resistor of 
50 i2 was chosen, but for al1 simulations reported here, the 
voltage drop across the load was negligible. Parameters 
were9,19 oc/P=5.7e-260P'E, v , = 2 . 9 ~ 1 0 ~ ~ / ~ ,  v,=2.0 
X 103E/P, DL=1.8x lo3, and DT=2.19x lo3, where P i s  in 
Torr, al1 lengths are in cm, and DL and DT are the longitu- 
dinal and transverse diffusion coefficients, respectively. 
Although explicitly included, diffusive effects were negligi- 
ble in al1 calculations discussed here. In order to by-pass 
the avalanche stage, we used initial conditions consisting of 
a small spheroid (ellipsoid of revolution) or hemispheroid of 
relatively dense neutral plasma, with Gaussian density dis- 
tribution, placed either in the center of the gap or on one 
electrode. 
The presence of free electrons ahead of the streamer tip, 
for which there are numerous sources,'* can strongly affect 
the streamer propagation. Except perhaps for drift in the 
case of anode-directed streamers, the detailed mechanism 
whereby these advance electrons are created is a secondary 
issue for streamer propagation. Accordingly, in the calcula- 
tions described here, a weak, uniform neutral-background 
ionization was added as an initial condition, allowing study 
of the dependence of streamer propagation on the strength 
of the ionization ahead of it. 
Figure 1 shows the electron density for severa1 times for a 
calculation in which a plasma spheroid was placed initially in 
the center of gap. The pictures were made with the aid of a 
Comtal Vision One/20 image processing system, and the in- 
tensity at a point is proportional to the electron density at 
that point. Both anode- and cathode-directed streamers are 
seen in this figure. She anode-directed streamer starts 
FIG. 1. Electron density n, and net charge density p ,  for t = 0.5, 
1.0, and 1.25 ns for a calculation in which a Gaussian spheroid of 
plasma was initially placed in the center of the gap. The plasma 
density was 1014 cmp3 and the axial and transverse radii were 0.27 
and 0.065 mm, respectively. The gap spacing was 0.5 cm, the vol- 
tage was 30 kv, making it about 70% overvolted, and there was a 
uniform background initial ionization density of lo8 cm-3. 
DISTANCE FROM ANODE (rnm) 
FIG. 2. On-axis electron density n, and axial electric field Ez, for 
t = 0.0, 0.5, 1.0, 1.5, 2.0, and 2.5 ns for a cathode-directed streamer. 
The conditions were the same as in Fig. 1, except that the initiating 
plasma was a hemispheroid placed on the anode. 
sooner, propagates faster, is a little broader, has a more 
shallow gradient at the tip, and leaves behind a smaller plas- 
ma density than the cathode-directed streamer. 
Figure 2 shows the electron density and the axial com- 
ponent of the electric field for a cathode-directed streamer. 
The conditions were the same as in Fig. 1, except that the 
initiating plasma consisted of a hemispheroid placed on one 
electrode. After an initial period of adjustment, the stream- 
er reaches nearly a steady-state propagation. The steady in- 
crease in background free-electron density is due to 
avalanche multiplication in the applied field. From the field 
plots, it is evident that the plasma inside the body of the 
streamer is not completely shielded from the externa1 field, 
implying that the dielectric relaxation time ~d is not negligi- 
ble. For n,= loi4 cm-3, ~ d =  14 ps, comparable with the 
time required for the streamer to travel a distance equal to 
the width of the front. Our numerical results clearly show 
that the dielectric relaxation of the streamer plasma is far 
from complete, and cal1 into question calculations such as 
those of LozanskiiZ0 in which a fully relaxed, metallic model 
for the streamer body is assumed. 
In order to investigate the dependence of the streamer on 
the initiating plasma hemispheroid, additional calculations 
using differing initial conditions were carried out. In one 
set, the ionization density in the initial hemispheroid was 
1015 instead of 1014 cm-3, but conditions were otherwise 
identical. It was found that once removed from the Gauss- 
ian tail of the initial plasma spheroid, the properties of the 
streamers were essentially the same in the two cases, imply- 
ing that the streamer, once formed, is independent of the 
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initial charge density. On the other hand, another set of 
calculations made with the same initial density, but with 
differing radii of the initial plasma hemispheroid, showed 
stable propagating streamers with radii varying with the ra- 
dius of the initial spheroid. This observation is somewhat 
surprising since the field enhancement outside an oblong 
metallic object is strongly dependent on the sharpness of the 
tip. The fact that quasistable propagation can occur for a 
range of head shapes is probably a result of the incomplete 
shielding in the streamer body due to dynamic effects dis- 
cussed above, and to the trade-off between maximum field 
enhancement and the range of this enhancement as a func- 
tion of tip radius. The observation also suggests that quasi- 
two-dimensional calculations in which a reasonable head 
shape is arbitrarily imposed on the ~ t r e a m e r ~ - ' ~ , ~ ~  may be 
more accurate than would otherwise be supposed. 
The dependence of the progagation velocity, V,, on the 
streamer environment is of interest. If we neglect the "oth- 
er terms" in Eqs. (1) and assume a steady-state, axially pro- 
pagating solution, then if ve << Vs, 
J : ' r c U  du 
vs = ln(n2lnl)  ' (2) 
where ave-V.ve=  f ( z -  Vst), and ni and n2 are the elec- 
tron densities at zl and 2 2 ,  respectively. If we choose zl and 
z2 ahead and behind the streamer tip, then nl and n2 are the 
densities ahead of and inside the streamer. Using the 
results of our numerical simulations, we find that Eq. (2) is 
well satisfied while the streamer is undergoing steady-state 
propagation. 
Unfortunately the dependence of Vs on ni in Eq. (2) is 
not explicit. Loeb21 has reported an approximate expression 
for Vs which results from Eq. (2) by taking the integral to 
be constant and neglecting the V  V, term in f ( u  1. 
Fern~ le r ,~?  on the other hand, predicts a linear dependence, 
while S u z ~ k i ~ ~  finds experimentally that for streamers in air 
Vs - ntl2. Making use of the steadily increasing free- 
electron density ahead of the streamer, we can, for a given 
set of conditions, determine the relationship between Vs 
and nl for a single set of calculations such as shown in Fig. 
2. We find that for a fixed applied voltage Vs depends ap- 
proximately logarithmically on nl over a voltage range of 
125% tu 175% of self-breakdown for streamers of both po- 
larities. Owing to the nature of this dependence, the data fit 
a power law nearly as well over this range. Writing 
Vs - nf ,  f i  varies from 0.6 to 0.3 for cathode-directed strea- 
mers and is nearly constant at 0.25 for anode-directed strea- 
mers as the applied voltage varies from 125% to 175% of 
self-breakdown. It must be pointed out, however, that true 
steady-state propagation has not been reached in these cal- 
culations. The propagation velocity is a strong function of 
the shape of the streamer head, which is slowly changing in 
time. Calculations carried out using different initial back- 
ground electron densities also show an approximately loga- 
rithmic dependence of Vs on nl, but the value of Vs for a 
given nl depends on the initial background density. The de- 
tailed dependence of V .  on applied field is complex and will 
be presented elsewhere. 
The algorithm we describe here can be applied to a very 
wide range of studies of streamers and other forms of ioniz- 
ing waves. We have used the algorithm for a set of studies 
alluded to here which cover a range of applied fields from 
approximately the self-breakdown field VSB to about 2 VsB, 
and for a range of background preionization densities. This 
work is not presented in detail here, but will be discussed in 
a forthcuming publication. We have also used the algorithm 
for at least preliminary studies of the effects of more realis- 
tic photoionization mechanisms, the interaction between a 
focused laser beam and the propagating streamer head 
under conditions appropriate for experiments involving 
laser-triggered breakdown of spark gaps, and the effects of 
the shape of the streamer head. We have developed severa1 
methods for checking on the numerical accuracy of our al- 
gorithm, and have found it to behave well as long as the 
gradient of the electron density n, does not exceed the capa- 
bilities of the eighth-order flux calculator routine (10%-90% 
rise in 1-2 grid points). Other areas of interest include 
guiding effects of channels of ionization or rarefication, 
propagation in nonuniform fields, other forms of ionizing 
waves such as return strokes, and various nonequilibrium 
effects. 
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